NOTICE 


THIS DOCUMENT HAS BEEN REPRODUCED FROM 
MICROFICHE. ALTHOUGH IT IS RECOGNIZED THAT 
CERTAIN PORTIONS ARE ILLEGIBLE, IT IS BEING RELEASED 
IN THE INTEREST OF MAKING AVAILABLE AS MUCH 
INFORMATION AS POSSIBLE 



NASA Technical Memorandum 81249 


USAAVRADCOMTR 81-A4 


(HASA-TM-81249) A SOLUTION FOK N81-21831 

TWO-DXflENSIONAL FEEDHOIH INTEGHAL EQUATIONS 
OF THE SECOND KIND WITH DERIODIC, 

SEHIPEHXODIC, OB NONPEHIODIC KERNEIS (NASA) UJlclas 

31 P HC A03/MF A01 CSCE 12A G3/64 41974 


A Solution for Two-Dimensional 
Fredholm Integral Equations of the 
Second Kind with Periodic, 
Semiperiodic, or Nonperiodic 
Kernels 

Ralph E. Gabrielsen and Aynur Unal 


April 1981 



NASA 

National Aeronautics and 
Space AdministratiO’i 


Unilod Stiilfifi Army 
Aviation Rosoardi 
and Dfsvelopmiint 
Cainman.! 



Ims3' 


NASA Technical Memorandum 81249 


USAAVRADC0MTR81*A4 


A Solution for Two-Dimensional 
Fredholm Integral Equations of the 
Second Kind with Periodic, 
Serniperiodic, or Nonperiodic 
Kernels 


Ralph E. Gabrielsen, Aeromechanics Laboratory 

AVRADCOM Research and Technology Laboratories 
Ames Research Center, Moffett Field, California 

Aynur Unal, NASA-Stanford Joint Institute for Aeronautics and Acoustics. 
Stanford, California 


fMASA 

National Aeronautics and 
Space Administration 

Ames Research Center 

Moilett Field Cnlitornia 94035 


United Slates Army 
Aviation Research and 
Development Command 
St. Louis, Missouri 63166 




NOTATION 


P projftcUion operacor from X onto X 

X Banach Bpace of periodic, continuous functions on [0,1] x [0,1] for the 

first case and similar definitions for the other cases 

X piecewise linear aubspaee of X 

X Banach space isomorphic to ii 

''it " 'Vfi “ 1*1 " tlion - |A‘| 

L ijth rectangle of the domain 

t{i linear extension of i})j to X; t{i 5 >|igP 

tfij) a mapping creating an isomorphism between X and X 

uig(fi) modulus of continuity of the kernel function h(a,t) relative to s; 
u'g(5) » sup{h(s + o,t) - h(s,t>|(s i 0, t < 1, |o| i d) 

V for all 

3 there exists 

II II norm in the appropriate space 

a such that 

^ implies 
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A SOLUTION FOR TWO-DIMENSIONAL FREDHOLM INTEGRAL EQUATIONS 
OF THE SECOND KIND WITH PERIODIC, SEMIPERIODIC , OR 
NONPERIODIC KERNELS 
Ralph Gabrielsen and Aynur iinal 
Ames Research Center 

SUMMARY 


The, convergence of a nume^'lcal scheme for solving one-dimensional 
Fredholm integral equations of the second kind was proved in a previous NASA 
report. This report is an extension of that scheme to two-dimensional 
Fredholm integr.al aquations of the second kind. The .'jroof of the convergiance 
of the numerical scheme is .shown for throe cases: the ease of periodic 

kernels, the case of semiporiedic k(?rnels, and the case of nonperiodic 
kernels , 


INTRODUCTION 


In reference 1 it is shown that the two-dlmensiou.;'' , incompressible, 
stationary Navier-Stokos problem can, in general, be represented by a sequence 
of Fredholm integral equations of the second kind rather than by the tradi- 
tional nonlinear partial differential equation. Consequently, the task of 
solving a two-dimensional incompressible stationary Navler-Stokes problem is 
equivalent to solving this sequence of integral equations. 

Accordingly, in this paper an algorithm is developed for numerically 
solving two-dimensional integral equations. This work is baaed on that of 
reference 2, which proves the convergence of a numerical scheme for solving 
one-dimensional Fredholm Integral equations of the second kind. In this 
report the proof of the convergence of the numerical scheme is shown for 
three cases: (1) the case of periodic kernels; (2) the case of semiperiodic 

kernels, and (3) the case of nonperiodic kernels. 


PERIODIC KERNELS 


For the equation 

1 i 

- \ JJh(r,s;ti,tj)x(ti,t 2 )dti dt^ » y(r,s) 
0 0 


x(r,s) 


( 1 ) 



( 2 ) 


It will bo demrnstrated that an explicit system nf equations of the form 


k"x ie>“X 


converges to the exact solution of (1), x^here t^j (t£,tj), and 
|a|j[ •• lAjilUjl, and where h(r»sjti,t 2 ) is a continuous function periodic in 
both variables'^ over the unit square [ 0,13 ^ tOil]> and y(r,s) is also a con- 
tinuous, periodic function of both variables over the unit square [0,1] x [0,1]. 
This result will then be extended first to the case of semiperiodic (periodic 
in one variable only) kernels and then to the case of nonperiodic kernels. 

Notice that the follox^ing integral 


n h(r,85t3_,t2)x(t3,,t2)dtj dl 


can be approxiniated by the quadrature formula, 


S ^ h (r ,s } tj^j )x(tjj^j ) I I j Aj 
j*^x i**x 


and hence equation (2) follows. 


Equation (1) will be considered as a functional equation in the si<ace 
X “ C of continuous, periodic functions on ([0,1] x [0,1]) the unit squire 
and x^ill typically be expressed in the form 


Kx S X - XHx y 


(3) 


The system (2) will be regarded as an approximate functional equation 
in the space X » R^, and will typically be expressed in the form 

Kx H X - Xiix = ipy (A) 

Note that we are seeking an exact solution x* of 

Kx 5 X - XHx » y 

in the Banach space X and an approximate solution X* of 

Kx S X - XHx » Py 

in the Banach space X C X where X is a piecewise linear subspace of X 
and P is a projection operator from X onto X. Let (j>g define an iso- 
morphism between X and the space X (l.e., X is a Banach space (isomorphic 
to X)) , and let ij) be a linear extension of the operation the space 

X, The definition of the linear extension in terms of the projection operator 


2 



from X to X and the Isomorphism fallows as ^ S <jigP, Then P * 
and 

R5c »• X - Iflx - <}>Q^i{>y 
If one applies (j>Q on Che last equation 

(|)o(x XHx) - 

<f>oX *- X'J'pHx » <j>o4'o^'l>y 

and letting x s ^gX, then the assoeiated equation (4) is obtained as 

X - X(^gH(|io^>j)oX • wy 

X “ X({igflfo 'X - <}>y 
X - XHx » ij)y 

where 

H s (}.gH<},-l 

Divide the unit square, [0,1] x [0,1], into n^ smaller squares of 
area [Aj - 1/n^, as shown in the sketch below, 



1 

01 ’’ 

02 ■< 

03 > 

04 

■^00 

* 

• 

* ® 

« • 

* 

^11 

*-12 

*^1S 

tx4 



T 

n T 

V2 

13 


■^lO 

* • 

« 



14 


^21 






• • 




2 4 


^31 





^30 


• 

• 


,'’’3 4 




^43 

tl,!, 


■’■'4 0 

# 

• 

• 

• 

•'’^4 4 


'^><2 ’’^<>3 


The corners of the squares are denoted by tj_j , t being the midpoint on Che 
Interval ,Ti_j , j ] . 
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ii is tho ^ matrix* 



hCtj^jt 

hCt^ijtxa) * • 

, U(tj^j,tj^j^) . . 





* h(tjg,tjj^) . . 

* hCtj^jjtnn) 

fi= Ia'M 

• 

1 

* 



• ^^*^in»*^nn^ 


h(tj,j^,t|j) 

• 

h(tj.„,ti2) . . 




» 

• 

h(tj^n«txx) 


* ^^^nn»**in^ * * 

* ^^*^nn’*'nn\ 


And the transposo of ((i>y) is 

(0y)*^ ■ y(*^x2^» • • * y^*^in^» • • •» yc^rm^^ 

Consider the subspace of X, space of continuous, periodic functions 
that apix piecewise linear on the partitions (A^)x(Aj) of the interval on the 
unit square, where {Aj^I *» [Ti+xj.T^j], |Aj| ■ [Hj+i»Tij]^ Define the map- 
ping ({)o of 1 onto X as follows; if x e X, then ({iqX x, where the 
transpose of x is 

X " ^^01*^02’ • • •» Sqn’^11* * * * ^in»52i» * * ' ^an’ • • •» 


^n-il ‘ • * ^n-ln^ 

%j * i“0,...,n-l, 

For convenience the midpoints are referred to by 


j ^ , i“0 n-1, j«l, ,,.n 

Note that T^j and t^^j are the same. For x e X, and x ^ X, 


Now, to determine the norms 114*011 ll't’Il’ shall show first that 

is a 1:1 mapping of X onto X. 
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If <jtpX ■« o, {o »« (o,o, . . . , o)] X - 0 <})5 is li’l. Since 

defines a Isl mapping between )t and Rj^, its inverse <}io^ exists; 

X »• <^“^x 

*" 3 kh 

5ij - 

ll'I'ol! " 8Up||>}.oXj| « 1 

Pll-x 

» 1» and Ij'l'oll - 1 

Now, within the functional framework as developed in the last several 
paragraphs, it is possible to apply the general theory developed by Kantorovich 
(ref. 1) in order to prove that the solutions of the approximate equation (4) 
converge to the solutions of the exact equation (3) as n <». In essence, 
this reduces to showing that the three following conditions can be satisfied! 

Condition A: 

Vx e X , ll<l!Hx - H<i)axll < siUll 

Condition B; 

VxeX, 3x<?X3 [jux - x|| S 4illxll 

Condition G; 


where 


X - (1^^) , 


Hence 


ay e X a liy - yjl < ^Hyll 


Condition A 


First, for condition A, we shall show that for every x e X, 

|jpx - n4»oX|j i ?ljxjj. At the midpoints, we have (for convenience and to avoid 
confusion, midpoints are denoted by [tij » 


^Hx 


f f 


.1 -X 


h(Toi,t)x(t)dt, J J 

1 


h(TQ 2 ,t)x(t)dt, . . ., 


f 1 „,t)x(t)dt 

0 u AjU 
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I 


^'qX *» tx(Tg j) ,x(t J j) » . . t jX({uj^) ,x(Tjj) ,x(T|jj) I ♦ t »fX(Tij^)j i . . 


H^qX ■ 1 6^ I 


, E E h(7r;,T )x(¥“), E t M^.ii,)x(v,v), . . . 

Li"0 j"! •' i-0 J-i •' 


n-i n 

E E > . t »i 

i-o j*i 


E E 

i»«o J*»i 




Thcwforc, 

iJjHX - H<«>g 


L*'o •'o 


n~i n 

h ( Toi , t ) x ( t)de - E E h ( Tox . T .,) x ( f .,), . . 

X«0 j»l J 

jf j h(f„„i „.t)x(d)dt - A^E E 


1*0 j*i 


Hence fche (kS,)t;h component is 

,1 *1 


■ { I h(\j.l:)i(t)dt - 6‘> 


Let ^ 2(t); then 


.1 -1 


"U 


J j z(t)x(t)dt - E E 


1*0 

Let us define the limits of Integration hy the following notation: 


'^ij '^ij+i 


\+i,j ■^i+i,j+i 


6 


•rhen, 


n-i n 
i"0 j"i n 

Integration over the araall square 14, Oj.j can be broken Into integrations 
over two triangles os shown 



Therefore, 


where 


[ ] » 2(t)x(t) - zCe^j)x(T^j) 
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// ( ] • // * ?,(fy)jx(fc)dt + JJ 2(t^j)tx(t) - 


iJ ij 




iJ 


And, similarly, 


JJ I 3 * JJ UCt) - 2(T^^)3x(fc)dc + JT a5(T^j)tx(e) 

\l ^i, 


x<tlj)Wt 


And, 


JJ I ] - JJ {^(0 * n(f^j)]x(t)dt + JJ 2(f^^)fk(t) - Hr^pm 


□ □ 

« iJ 


□ 


ij 


JJ - X(T^j)]dt ) - x(t^J] 

iJ 

JJ zrr^j)(x(t) - x(T^)dt 

where 

3 

ir 3 

JJ 2(i^^)[x(t) - x(T^^)]dt 

□ 

ij 

^2 
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Eaciroataa for 


n n+i 


££ JJ sj:e! 


ij 


Iwi j«2 Q 


Ij 


will bo computed next. Consider an arbitrary interior ^ar^ D^j , the 
squares that contribute as functions of are (pi @ , (|) , and 0 s 



ii J+l 


Therefore, 
n n 


JLj 2^ 

i»l j-X 


+ T + *'Vv,j+i> + *<’«> - 

+ » . . . 


n 




Terms will be similar to those in this expression for for all squares 

Did for 1*1, . . .,n-l;j*l, , , ,,n-l. Therefore, It remains to 
obtain estimates for rectangles D^j, i * n with j » I, . . , , n - 1 
and for j * n, with 1*1, . . ., n - 1, and, also for i « n, j - n. 
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NW| eonjldor i “ n, J ■ n, Wo shall have tarroa from the raccangles 
Qnn* Diu» Ujn* 


^ 2-^hi " 




+ T + 2X(t^P - 


+ + x(T^^) + - 4 x(T^^)3 

+ V ^CCii)[x(Tg^g) + 5t(T^^) + - 4x<t,^j)3 


Since 


x(Tno) « x(T„n) 

xdon) “ ^<’^nn> 
xdo,o) - 


V~\ V \ 
/ J / J 


A- 




in' 


ir 


However , 

=^(tiu) « 2(tn,n+i> 

zCtjjj) « 

Therefore i for (”^nn^ > it yields 

Hence, it directly follows that 
n n 




i«i J“1 


□ 


ij 


A^n^ , . ,/r. M!_~!i 2n* 


4w2(v^A)||x|| 


3 “z 


,(^4S)||z|| 
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Therefore, 


n n 


■» - Er / 


i»l j“X p 


ij 


n n 


n n 


EE/ [z(t)~ z(t^j)]x(t)dt J z(t^j)Ix(t) -x(t^.^^^j)]dt 


1-1 j-i □ 


ij 


i«i j“i □ 


Ij 




^ Wz(| ^)PI1 + I ‘*52(/2A)11 x1 


for all k and 1. 


'■kSL 


Cpll , for ? » a) + I os^C/^A) 


Hence, 


ll<j)Hx - H<j)oxll < 5|lxl 


Condition B 

Condition B has been defined as 

VxeXaxeXa ||Hx - xj| < ?j^j|xj{ 

Suppose, for the sake of discussion, that (x,y) € I, as described by the 
sketch below for triangle I, 





i+a,j+i 
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Let 


- i (ux - Xj) - (y - yi)iai,3+i + - =') + "i+i.3+i(y - yi)} 

s ■ -J !t(x - Xj) - <y - yj^))z + z<Xj+i - n) + (y - yj^)zj 
z - 5 - i jl(x - Xj) - (y - yj^)Kx - + (z - ZyXJ'j+i " *) 

+ - ’’i+i,i+i><y ■ yi'l 

Iz - il [jCx - %.) - (y - yjL)h2(/2A) + W2<»^A)1 x^^^ - xj + u^C/aA) jy- y^| ] 
Similarly for the triangle II: 


(Xj .yj^) 



Iz - z| < 2a)jj(/?A) 

Hw » J J h(r,s,tj^,t2)w(t3^,t2)dt 

t 'o 

Now, assume that (r,s) e Dj^j. Suppose (r,s) c ^ij» 
z = Hw = J J h(r,s; ti,t2)w(ti,t2)dti dtj 
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*1^'^ 



.1 


2 - Z 


f jc(x - - (Vx ~ y)3 jf jT tlt<r,s;ti,t2) 

- h(Xj,x^;ti,t2)]w(ti,t2)dti dtg 

+ <Xj - X) I I [hCr.sjt^.tg) - h(Xj_^,y^)]w(tj,t2)dtj dt^ 

(Vi - y) I i [hCr.sjUi.tj) - h(Xj,y^_^j^)]w(Uj^,t2)dl:j^ dC^j 

|z - 2 I < !■ Ux - Xj__j^)w(/T&)jlwl| + (Xj - x)w(v^A)l|wl| 4- (y^ - y)us(>^A)llwlll 
< 11511(24) < 2»(/2«llsil 

similarly for (r,s) e ^ xy Hence ]|Hx - x|l < ?ijlx]| with “ 2u(v^A). 


Condition C 

It remains to show the third condition which is defined as follows, 
each element y e 1, there exists a y e X such that 

lly " yll 5 ?! 


For 


From condition B, we have chat 


lly - yll < 2m (/2A) 

(w is the modulus of continuity for the function h.) Therefore, letting 

2ui(/Zl\) 


we have 


Iv - y|M ?2l|yll 


which completes the proof. 
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SEMIPERIODIC KERNELS 


As in tho preceding discussion on periodic kernels, a semiperiodic func- 
tion of two variables is defined as a function of two variables that ie 
periodic in at least one variable. To prove that the solutions of the approxi- 
mate equation (4) converge to the solution of the exact equation (3) as n ->- m, 
we must show that the following three conditions are satisfied (ref. 1). 

Condition A; 

Vx e K , lli^Hx - H(|)oxll < 511x11 

Condition Bs 

VxeX, 3xeX3 ||Hx - x)| < 5x11^11 

Condition C: 


ay c X 3 ily - y|! < SgjjyH 


Condition A 

To prove condition A (l|<|iHx - HcjjjxH < nHxH for Kx i x), for semiperiodic 
kernels; 


(|)Hx » 

' -1 i.1 

J J h(Tox»t)x(t)dt, . , 
- 0 0 

1 -1 

' •« J J h(fon»t)x(t)dt, . . 

0 'o 

J J ,>t)x(t)dt, . 

'o ^0 “1,1 

. / f h(T ,t)x(t)dt 

*0 *0 a i»n 


(j>oX == ix(Tgi), xCTog), . . x(Tjj^), ...» x(\_x^l)» • • •. 

"h-i n n-i n 


H(j)oX *= 


EE EE 


_i=*o 
n-i n 


i=o j=i 
n-i n 


i»=o i=o j“i 
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4>Hx - H^flX 


1 


n-i n 


j j h(foi,t)x(c)dt - h ( t 0 1 , T X ) 


r • • • » 


.0 0 

1 


i"0 J»i 
n-i n 


n n-i n 
h(T3j^,t)x(U)dt - ^ ^ 


0 0 
1 1 


On * ^ ’ ’ * *’ 


i "0 j"i 

n n-x n 
u g i >*0 j««i 


1 X 


• /* n**i tx 


0 0 


Let 


-X X 


kS, 


J 

0 0 


1*0 j"X 


n-x n 



h(T^j,t)i(t)dt - 2^2^1>(\j.Ty)i(fy) 


1*0 j<=x 


and let “ z(t). Then 


1 X 


T « 


z(t)x(t)dt - EE 

1*0 j*X 


Since 


u 

n->x n 

EE/; [z(L)x<t) - z(T^^)x(T^j)]dt 

1=0 j»X n 

ij 


JJ [z(t)x(t) - z(T^j)x(f^j)]dt 


□ 


iJ 


* J [z(t) - z(Tjj^^)]x(t)dt + j z(Xj,j)[x(t) - x(f^j)]dt 


ij 


ij 
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n -1 n 


EE 


2(T^j)]x<t)dt < UgCA) 2 


1-0 j -1 □ 


IJ 


JJ ^CTy)[5(t) - X(fy,]dt +*<''!, J+i) 


□ 


IJ 




Semiperiodicity is defined as being periodic along one of the axes (u) 
and nonperiodic along the other (v). 



T. . i - 0, » , . n (n + l)x(n + 1) 

^ j = 0, . . . n 


T. . i « 0, . . . n nx(n - 1) 

^ j = 1, . . . n 

(n + 1) rows 
n columns 

where are the midpoints of x^j as shown in the above sketch. 


16 




X 


’x|x(u,v) e Dij » on x ia determined by Ita values at vertices of 

■ triangle; also for where " ^ij '^ij 

i ■ 0, , , , , n ~ Z, j • 1 , . * • I n; i.e, , in the same manner as for the 
'periodic ease. 

For (u,v) lying on the segment [t„ , . 

u— i|j 


let 


x(u,v) • x(u,v) for V > V . 

For midpoints , coefficients for x(Tij) are the same as for the 
periodic case. Since periodic in the u direction, the boundaries (where v 
is fixed) are handled in exactly the same way as for the periodic case. 
Therefore, the only additional contributions arise around the boundaries where 
u is constant. 

Now, let us determine the additional terms arising from the above men- 
tioned items. 


'^n-.',j-i ”^0-2, j "^n-?. ,j+i 




r— — — ' 


n-2,j-l 

n-2 .j 



[ J 

□ 


n-i,j 





n-i,j+i 


't j 

nj-1 


nj nj+3L 


The coefficient for x(f ,) comes from the following terms: 

n-1 , j 
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/ * j * ! ■" / 






n-i»j 


+ T +i^Vaji+ *<V2,j+i>' 

+ +i5Vadl> 

Undetlined Cerins give the coefficient of j) 

But, the coefficient for x(Tjjj) arises from two squares only: 

n + n 


1 * 


> j 




oj+i 


□ 

□ 


oj 


4.J-1 ^i,j+i 

The coefficient for x(toj) comes from the following terms; 

/ +/ +i^ + X(Ty.^) - 

□ □ 

o.j-1 o.j 

+ z(Tn4)[2x(T, +x(f,J - 4 x(t^.)] 


6 "'‘Oj'' ’ '"•‘Ij' 
Underlined terms give the coefficient of X(ipj): 
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Sununing over j 
n 


S<Toj)Iz<to,j-i) “ ^ V nlls|l5l|z|| < AllSlI Ml 

jml 

j +/ ' T[^ty...i-i>t-'^’‘<Vi.i-i) 

□ n 

‘-^n-i,j“i n-iij 

Underlined terms give the coefficient of 
Summing over j 

n 

X I] *<V3>'2=.<Vi..1-i> + ‘=<Vi.j” 

j -1 

< "I- !ls||3ilzi|n < - jlsjj Ijz'il 

This is the additional tei*m arising from the terms of the last two rows of the 
square 


"^0 0 , 


Tnol 


On 


'■nn 


in the nonperiodic direction. Therefore 

2 




s »h(|i) 


+ J u)j^(Av^) ||x 


+ A i 
^2 ' 


xli + Allhll 11x1 
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or 


- Uc^qSII < 




3 "’h 


i/Zt) + 



is shown for the semipariodic case (ujjj is the modulus of continuity for the 
function h) • 


Conditions B and G 

Conditions B and C can be shown to bo satisfied in exactly the same way 
ns in the preceding section on periodic kernels, This completes the proof. 


NONPERiODIC KERNELS 


To prove that the solutions of the approximate equation (4) converge to 
the solution of the exact equation (3) as n we must show that the fol- 
lowing three conditions can be satisfied (ref, 1). 

Condition A: 

Vk e X » 5 Cp!i 

Condition B; 

VxeX, 3keX3 Ullx - S|1 < Cillxji 

Condition C; 


3 e X a |jy - $^|| :S S^lixli 


Condition A 

Condition A is 

Vk e X » 11 Pk - < sllkll 

Definition of |s! 

({>X » [X(1qq) , x(foi^), .... x(tpn), x(Tj^o), x(Tj_j^), 
, . . , X (t , ) ] 

n(n + 1) components are involved. 

lli|){j » sup |i<|ix|l » 1 
llxll-i 


, , » x(f 
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Definition of 


4>flX •» tS(Tgj,)| » I *1 I • • *> S(Tj^j^) 

...» »(Vi,n^3 

n(n + 1) componenti are involved, 

!|i|>J - sup j|i|)0t!l - i 

11x11-1 

i|)gS « X ; <^o^x - S 


^on» ^10 

» ^ii» 

t « * 

* ^in» 

- 

^'ij 

for 

j 0 



for 

j - 0 


sup (l 


1-^ 


lixll-l’ 

\ 

1 


Note that the elements x e X are constructed in the same manner as the 
elements were constructed in the semiperiodic case for the interior squares. 

The set of values (u,v) of x, which are left of the lino segment connecting 
(i » 0, . . n), are determined by the triangles constructed from the 

values of the vertices of the rectangles (see diagram on following page), i.e,, 
cons true ted^in the same manner as for the interior squares, and for values 
(u,v) i (u,v) where (u,v) lies on the segment joining ti„'s, S(u,v) » X(u,v) 
for X e X. 
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H is defined by the n(n + DxnCn + 1) matrix as followas 


^ 2 

I C'tn»’^00^ 


T ^’^on**'^Oo^ 


h 


h(Too»toi) . « . j C'Coo*Vi,n^ 

h(^oi»^oi^ * ' * T 


hCToi^iTfli) * • • J ^ 


T ^*’■10 ’”*'00^ hCtiQ iTqj^) ... 1' ("f JO 


^ I ^Vi.n»^00^ • • • I ^Vi,n’Vi,n>J 
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nonperiodic 




Since 





and since 

jl^Hx - H(^oS|| £ <5) + I I 

for the seraiperiodic case, for this case it remains to determine upper esti- 
mates for the additional terms stemming from the nonperiodicity in the 
u-direction. It can readily be shown that the additional terms are bounded by 

A [I llhll + I u)j^(A)] . 

Therefore, 

\\m - < o)j^(| a) + I Wj^(/ 2 ‘a) + a I u>j^(A) + -^ llhll , 

which completes the proof of condition A. 


Conditions B and C 

(>« 

.. It can be shown, in a manner similar to that discussed in the Periodic 
Kernels section, that conditions B and C are satisfied. 


CONCLUSIONS 

The following system of equations 

n n 

k==i l=i 

converges to the exact solution of the following cwo-dimensional Fredholm 
Integral equation of the second kind 

x(r,s) ~ X J J h(r,s;ti,t2)x(ti,t2)dti dt2 = y(r,s) 
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for the general cases of h being a nonperiodic, semlperiodic, and periodic 
function of r,s. The convergence is proved for three cases of h, namely, 
periodic, semlperiodic, and nonperiodic. 


26 



REFERENCES 


1. Kantorovich, L. V.; and Akilov, G. P,: Functional Analysis in Normal 

Spaces, Pergamon Press, New York, N.Y, , 1964. 

2. Gabrielsen, Ralph E.: A Solution of the One-Pimensional Fredholm Integral 

Equation of the Second Kind. NASA TM-81195, 1980. 

3. Gabrielsen, Ralph E.; Reduction of the Two-Dimensional Stationary Navier- 

Stokes Problem to a Sequence of Fredholm Integral Equations of the 
Second Kind. NASA TM-81272, 1981. 


27 



